Math 213 e Final exam e May 13, 2014

. t*
1. (10 pts) Consider an object moving with acceleration a(t) = <3 cos’ t sint, t2 1> . Find its
+

velocity if the initial velocity is v(0) = <O, 2> :

3
a(t)=( 3cos’t sint,

t? +1
—
u

= v(t)—<3J'coszt sintdt, lj M>_<—cosst, %[u—lnu]u_t2+l>+c

—d cost

t? +1—In(t2+1)
2

=( —cos’t, +C

Check initial condition:

v(0) = <—1, %> +C=(0,2) = C=(0,2)- <_1, %> - <1, §>

2

= v(t) =(1-cos’t, §+ =
2 2

t* +1- In(t2 +1) < 2 1 >
2

2 2 2
2. (10 pts) Find the limit, or show that it does notexist:  (a) lim =Y (b) lim X =Y
()00 X + Y ()00 sin(x+y)

2
. X
lim XY

(xy)=>(0.0) X + y

— does not exist, since there is a path leading to zero where the expression is infinite: x=-y

CoY i BN iy i V)

()-00) sin(x+y) N>00  sin(x+y)  x)-00 (x)>(00) sin (x + y)

lim £ =1
z—0SInz




3. (14 pts) Consider the scalar field f(x,y)=./6-4x-y?. Find the domain and the range of this field
and sketch the domain along with any two of its level curves. Then, use the linear approximation to
estimate f (1.04, 0.98) . Finally, find the rate of change of this function at point (1,1) in the direction

of vector u = 2i+ j

. 2 6-y°
Domain: 6-4x—-y“ >0 = x< = X<

N w
I

Range: [0; +o0)

Level Curves: f =0: x:é—y (y:i\/6—4x)

Linear approximation: choose point (1, 1), which is close to (1.04, 0.98)

f(L1) =1
fmee =2 o D=2 -
' 2\/6—4x—y2 \/6—4X—y2 X :>| (X,y)zl—Z(x—l)—(y_1)|
_2y y
fx: = = fx(l’l):_l
2J6-4x—y*  [6-4x—y?

= (1.04,0.98) ~1-2(1.04-1)—(0.98-1)=1-0.08+0.02 =
Rate of change of this function at point (1,1) in the direction of vector u = 2i + j:

Use the value of the gradient that we just calculated above:

D, f (1,1) = Vf (1L1)-0 = (-2,-1)- 2y




4. (12 pts) Find local maxima, minima and saddle points of function f =e* (X2 - y2)

First, let's find the critical points (Vf =0):

fo=e*(x>—y?)+2xe*=e*(2x+ x> = y*)=0 = x(2+x)=0
= (- ( V) (2+x) = C.P.: |(0,0) and (-2,0)
f =-2ye*=0 = y=0

y ="

Now, let's find the second order derivatives:

fo=e"(2x+ X" —y*)+e" (2+2x)=¢" (2+4x+ x* - y*)
f, =-2¢€"
fy,=-2ye"

f =
2 0
0,00: {f,=-2 = Hz‘o 2‘=—4<O = (0,0) is a saddle point
f

fo = €7(2-8+4)=-2e7 <0 )
—2e 0 .
(-2,0): fyy:—29‘2<0 = H :‘ Oe e =4 >0 = (-2,0) isalocal max
A
fy =0

5. (14 pts) Find the mass of the solid of density 8=y enclosed in the first octant by the planes X + Z =1
and Y+ Z =1, as shown in the figure. Which orders of integration cannot be used without

breaking apart the integral into several pieces?

1-z 1-z é
Z ' Problem 5

I I y dy dx dz _1
0 0 2

O ey

1-z
'[ (1- z)2 dxdz
0

M = [[]5(r) av :i

:%.I(l—z)s d2=-2(1-2)

1

1

o 18 ->

The following orders are not convenient: dz dx dy, dz dy dx



6. (14 pts) Sketch the vector field F(X, Y,2) = <0, X>, and verify the Green’s Theorem in circulation-

curl form for this vector field and the region between the curves X+2y =0 and X=3— y2 , by
calculating both integrals that appear in this theorem. Make sure to sketch the region of integration

- - -

R e <
<

|
|
Sketch of the vector field: ----——i ---------------- LIS
|
|

- - - <

First, find the intersections of the two curves:

x=3-y*=-2y = y*-2y-3=0 = (y-3)(y+1)=0 = (2,-1) and (-6,3)

gS(M dx + N dy) :Lj[@—@}i dy

(_693) f y

Let's calculate the integral of circulation density first:

3
'dedy—'?f I dxdy = j 3 y +2y) dy = {3y—y§+y2}
R -1

-1 -2y

:(9—9+9)—(—3+l+1j:9+2—1: 32
3 3 [3

Now, the total circulation of F along the closed curve:

gS(MdXJrNdy):(]Sxdy: I xdy + I xdy——2.|'ydy+.|.3 y dy

R R BOTTOM: TOP:
X=-2y x=3-y?

373
:[_yz} {SV—%L (9—1)+(9—9+3—%j:8+3—%:g Verified!




7. (10 pts) Find the total area of the conical surface 22 =x* + y2 enclosed between the planes Z =0

and Z =4, using surface parametrization in polar variables rand 6.

r=(x,y,z)=(rcosé, rsing,r), 0<f<2z, 0<r<2

r, =(cos¢, sing, 1)

= (- 91_ . 6,
r0:<—l’5il’lt9, rcosé, 0>} (rrxrg) < I cos rsin r>

do =|r, xr,| drd@ =+r2cos’ @+ r2sin’ @+r2 drdd =r2 drdé

A=ﬂda=ﬁ2ﬁrdrde=ﬁ2;{ﬂ4 =162 7

0

Z o Problem38

8. (16 pts) Verify the Divergence Theorem for the vector field F = <0, 0, Z>
and the region enclosed between the surfaces zZ = X2 + y2 and

7=2-x- y2, by calculating the flux of F across the boundary of this
region, in the outward direction, and comparing the result with the volume

integral of the divergence of F . Make sure to sketch the region of
integration.

Divergence Theorem: qEJ')Fme' = J:UVF dv
v v

First, let’s find the volume integral of divergence (flux density):

27 1 2-

H'[Z;EdV:j”dV:JI fdz rdrd0:27r_1[[z]f;r2rdr=2ﬁ'1[(2_2rz)rdr
VoA v Y % ] J

0

1
- 47zj(r— r3)dr = 47{%—%} = 47{3—1) =[z]
0

0 2 4



Compare with the flux of this field across this surface, which consists of two pieces:

ndU:i&dXdy:MdXdy 27 1 r4 1

j F-ndo = Vg -k 1 :j I(Zr—rS)drd0=27{ 2—7} =
TP F-ndo =zdxdy =(2-r*)rdrdg 00 0
ndo =+_v9 dxdy=wdxdy 27 1 T

[[ Frndo= “Vg-k 1 :—J'jrgdrdez—&{—} =
BOTTOM P il 0

ndo =-zdxdy =-r’rdrdd=-r’drdéo 00

F-ndo= ([ F-ndo+ Fondxdy =%~ _[z] Verified!
oV 2

TOP BOTTOM 2

Extra credit (6 pts) Calculate the following derivatives, where r = <X, Y, Z> denotes the position vector,

and p = |F| = \/X2 + y2 + 2% denotes its length (distance from the origin).

—~ 1
a) V(Inp) since In pis a scalar field, this derivative is a gradient of In p = Eln (X2 +y%+ 77 ):

oIn(x* +y* +7°) qoIn(x* +y*+2°)

ﬁ(ln )_ 8In,0 8|np alnp B 18|n(x2+y2+22) 1
— X y z B <X,y,z> _i
X2+y2+221X2+y2+22’xz+y2+zz iy 1D p2
- [ F . r . . . o . F <le,z>
b) V-| — | Since —is a vector field, this derivative is a divergence of — =—————
’ g P X"+y +2
V(—zj = XX+ vitz? T T
P X X°+ Yy +2 oy x>+ Yy’ +1 X +yi+z
X2+y2+22_2x2+ X4y 472 =2y X4y 427 =277
(X2+y2+22)2 (X2+y2+zz)2 (x2+y2+22)2
4343 -2(X 4y ) gty 1 1

(x2+y2+22)2 (x2+y2+22)2 X+y'+2° |p

>



